Abstract. We construct one parameter families of three qubit separable states with length ten, which is strictly greater than the whole dimension eight. These states are located on the boundary of the convex set of all separable states, but they are in the interior of the convex set of all states with positive partial transposes. They are also decomposed into the convex sum of ten pure product states in a unique way.
Introduction
Entanglement is one of the key notions in the current quantum information theory, and it is an important research topic to distinguish entanglement from separability. Recall that a multi-partite state is said to be separable if it is a convex combination of pure product states, and entangled if it is not separable. The length of separable states is one of the notions to understand the convex structures of the convex set S consisting of all separable states, as it was considered by several authors [10, 18, 23, 24, 25, 26, 28] in the early stages of quantum information theory.
The length ℓ(̺) of a separable state ̺ is defined by the smallest number of pure product states with which ̺ may be expressed as a convex combination. Physically, it represents the minimal physical effort to implement the state. It is clear that the length ℓ(̺) is bigger than or equal to the rank of ̺. It was known in [10] that the length may be strictly bigger than the rank. On the other hand, it was shown [3] for 2 ⊗ 3 bi-partite case that the length ℓ(̺) of a separable state ̺ coincides with the maximum of the ranks of ̺ and its partial transpose ̺ Γ . This is not the case for the 3 ⊗ 3 system, by examples [14] of separable states ̺ with ℓ(̺) = 6 but rank ̺ = rank ̺ Γ = 5.
The length cannot exceed the whole affine dimension of the system by the classical Caratéodory theorem, as it was observed in [18] . One natural question is to find the possible maximum of lengths. It was known [24] that ℓ(̺) ≤ 4 for every 2 ⊗ 2 separable state ̺. The above mentioned result [3] on 2 ⊗ 3 separable states tells us ℓ(̺) ≤ 6 for those separable states. On the other hand, it was shown in [4] that the length of an m ⊗ n state may exceeds mn whenever (m − 2)(n − 2) > 1, or equivalently max{m, n} ≥ 4 and min{m, n} ≥ 3. In the 3 ⊗ 3 and 2 ⊗ 4 systems, examples of separable states of length 10 were found in [12, 14] and [13] , respectively, and examples in [14] have been analyzed in [6] . We refer to [7, 8] for further results on the related topics.
In this paper, we consider the three qubit system, the simplest multi-partite case. A result in [4] tells us that there must exist a three qubit separable state of length ten. The main purpose of this paper is to construct explicit examples of such states. Lengths of some three qubit separable states have been calculated in [17] but do not exceed eight, even though some of them exceed the maximum ranks of partial transposes. The states we constructed turn out to be boundary separable states of full ranks in the sense of [6] , that is, it is on the boundary of the convex set S, and all the partial transposes have full ranks. Recall that all the partial transposes of a state have full ranks if and only if it is in the interior of the convex set T of all PPT states.
The main idea is to use the duality [21] between n-partite separable states and positive multi-linear maps. For our purpose, we consider the positive bi-linear maps in 2 × 2 matrices which have been constructed in [21, 22] , and mix variants of them to get positive bi-linear maps whose dual faces have exactly ten pure product states. The positive maps constructed have the full spanning property, and so, the interior of the dual faces are located in the interior of the convex cone of all PPT states. See [21] . Furthermore, the faces are affinely isomorphic to the 9-dimensional simplex with ten extreme points, and so any interior points of the faces are separable states of length ten and are decomposed into the sum of pure product states in a unique way.
Separable states with unique decompositions also have been studied by several authors [1, 2, 5, 9, 13, 14, 19] . The results tell us that separable states generically have unique decompositions if the lengths are sufficiently small. In the multi-partite case of d 1 ⊗ · · · ⊗ d n system, it was shown in [15] that generic choices of k product vectors give rise to separable states with unique decompositions whenever k ≤ n i=1 (d i − 1), by taking convex sums of corresponding pure product states. In the three qubit case, generic choices of four product vectors still give rise to separable states with unique decompositions. We know [20, 27] that generic five dimensional subspaces of C 2 ⊗ C 2 ⊗ C 2 have six product vectors. It was also shown [15] that they make three qubit separable states of length six with unique decompositions. Our construction gives examples of three qubit separable states of length ten with unique decompositions. We collect in the next section basic material about the map in [21] , and construct in Section 3 the positive bi-linear map we are looking for.
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Boundary separable states with full ranks
For a given multi-linear map φ from
and define the bi-linear pairing
for an (n − 1)-linear map φ and an n-partite state ̺, where W t φ denotes the transpose of W φ . We recall that an (n − 1)-linear map is positive if φ(x 1 , . . . , x n−1 ) is positive (semi-definite) whenever all of x 1 , . . . , x n−1 are positive. It was shown in [21] that ̺ is separable if and only if ̺, φ ≥ 0 for every positive multi-linear map φ. This tells us that every entanglement witness must be the Choi matrix W φ of a positive multi-linear map φ.
We have constructed in [21] the positive bilinear map φ : where s, t are positive numbers with st = 8. See also [22] for the motivation of construction. We use the parameter u > 0 to express the the corresponding entanglement witness, or equivalently the corresponding Choi matrix:
with respect to the lexicographic order 000, 001, 010, 011, 100, 101, 110, 111. It was shown [21] that the map φ is indecomposable positive bi-linear map. In fact, φ has the full spanning property which implies indecomposability. See also [16] for indecomposability. More recently, the author showed [22] that the map φ generates an exposed extreme ray of the cone of all positive bi-linear maps between 2 × 2 matrix algebras. We note that all the entries of W are zero except for diagonal and anti-diagonals. Such matrices are called X-shaped, and are of the form . With this notation, we note that the above entanglement witnesses W is given by
We consider the dual face W ′ of W , which consists of all separable states ̺ such that W, ̺ = 0. In order to understand the structures of the dual face, it is desirable to find all the extreme points of the face, that is, pure product states ̺ = |ξ ξ| satisfying the relation W, ̺ = 0. We have found in [22] all such product vectors |ξ 's. Note that such a product vector |ξ satisfies the relation ξ |W |ξ = W, |ξ ξ| = 0.
In this case, we say that the witness W kills the product vector |ξ , and denote by P W the set of all product vectors killed by W :
Our discussion tells us that there is a one-to-one correspondence between P W and the set of all extreme points of the dual face W ′ of W . We denote by P z W the set of all product vectors in P W which has zero entries, and by P n W the complement P W \ P z W . For i, j = 0, 1, we denote by E ij the set of all three qubit product vectors of the form |x ⊗ |i ⊗ |j with |x ∈ C 2 . We also define E i j and E ij similarly:
Note that all the above sets are parameterized by the two dimensional sphere, up to scalar multiplications. It is easy to see that the set P z W of product vectors in P W with zero entries is given by
We proceed to look for product vectors belonging to P n W . For a given triplet p = (p, q, r) ∈ R 3 + of positive numbers and Λ = (α, β, γ) ∈ T 3 , we define the three qubit product vector |η(p, Λ) by
Denote by ω = e i π 4 the eighth root of unity, and take eight Λ's in T 3 as follows:
It was shown in [22] that a product vector without zero entries belongs to P W if and only if it is of the form
up to scalar multiplication for some j = 1, . . . , 8 and p = (p, q, r) ∈ R 3 + satisfying the relation pq −1 r −1 = u, or equivalently
For a given subset Σ ⊂ R 3 + , we also define the set F Σ of product vectors by
We have seen that the set P n W of product vectors in P W without zero entries is given by F S with
In short, we see that P W consists of product vectors in (1) and those in F S . We fix a point p in the surface S, and write ̺ j =:
. By the argument in Section III of [17] , we see that the pure product states ̺ 1 , ̺ 2 , ̺ 3 and ̺ 4 share the common X-part, which is a separable X-state of rank four. Furthermore, this X-state is uniquely decomposed into the average of ̺ 1 , ̺ 2 , ̺ 3 and ̺ 4 . See [11] for multi-qubit analogue. By a direct calculation, we have
with the notations
On the other hand, the states ̺ 5 , ̺ 6 , ̺ 7 and ̺ 8 share the X-part
which is again a rank four separable state with unique decomposition. Note that the average of all of them is given by
Comparing the diagonal and anti-diagonal entries, we see that ̺ p has the full rank eight. This shows that the eight product vectors |η j (p) with k = 1, 2, . . . .8 make a basis of C 2 ⊗ C 2 ⊗ C 2 for each fixed p ∈ S.
We denote by Γ A , Γ B ad Γ C the partial transposes with respect to the A, B and C parties, respectively. Then we have , (c 2 , c 1 , c 4 , c 3 ).
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Therefore, we see that all the partial transposes
also have the full ranks. Hence, we have the following:
Proposition 2.1. The state ̺ p is a boundary separable state with full ranks for every p on the surface S. Especially, eight product vectors {|η j (p) γ : j = 1, 2, . . . , 8} form a basis for each partial conjugate operation γ and p ∈ S.
Construction
We are going to construct entanglement witnesses whose dual faces have only finitely many extreme points. The main idea is to apply the bit-flip operators and partial transposes to the witness
to get witnesses with the same anti-diagonals as W but different diagonals from W . We will mix some of them to get entanglement witnesses whose dual faces have exactly ten extreme points. Recall the relation
for entanglement witnesses W 1 and W 2 .
We denote by σ the bit-flip operator 0 1 1 0 on C 2 , and define the operators on
where I denotes the identity operator. We note that c 1 , c 4 , c 3 ) ).
Therefore, we have (1, 1, −1, 1) ). Now, we are looking for product vectors |ξ = |x ⊗ |y ⊗ |z which are killed by the witness W A . We note that
, |σx |y |z σx| y| z| = W, |σx |y |z σx| y| z| .
Motivated by this relation, we write |ξ A = |σx ⊗ |y ⊗ |z , |ξ B = |x ⊗ |σȳ ⊗ |z , |ξ C = |x ⊗ |y ⊗ |σz , for a product vector |ξ = |x ⊗|y ⊗|z . Then we see that a product vector |ξ satisfies the relation |ξ ∈ P W A if and only if |ξ A ∈ P W , and similarly for B and C parties. Therefore, we see by (1) that the set P
and P z W C are given by
Next, we look for product vectors in P W A without zero entry. To do this, we first note the relation
from which we have
up to scalar multiplications, and similar relations for |η j (p) B and |η j (p) C ;
Now, we define surfaces
Then we have
Now, we consider the intersections of two sets to get
We also have the following:
We note that the sets P W , P W A , P W B and P W C are parameterized by six spheres and eight two-dimensional surfaces, respectively. On the other hand, an intersection of two of them is parameterized by two spheres and eight curves.
To be more precise, we note that
and so we see that sides of the eight curves F S∩S A approach to the sphere given by E 01 and the other sides approach to the sphere given by E 10 . The same description works for other intersections. Now, we consider the intersection of three of them. For example, we have
We see that (E 01 ∪ E 10 ) ∩ (E 0 0 ∪ E 1 1 ) consists of two product vectors |1 ⊗ |0 ⊗ |1 and |0 ⊗ |1 ⊗ |0 . We also see that (p, q, r) ∈ S ∩ S A ∩ S B if and only if the relation
holds if and only if p = (1, 1, u −1 ). Therefore, F S∩S A ∩S B consists of eight product vectors. In short, the set P W ∩ P W A ∩ P W B consists of the following ten product vectors:
The state ̺ p in (2) with p = (1, 1, u −1 ) is given by
and it is easily checked that W + W A + W B , ̺ p = 0. By the exactly same way, we have
We also have
So far, we have seen that the dual face
of the witness W + W A + W B has exactly ten pure product states. So, this face is the convex hull of the ten extreme points. It is well known that the convex hull of finitely many points on an affine manifold in a real vector space is a simplex if and only if they are linearly independent.
Theorem 3.1. Suppose that F is the dual face of one of the entanglement witnesses
Then we have the following:
(i) F is affinely isomorphic to the 9-dimensional simplex with ten extreme points, (ii) every point of F is a separable state with unique decomposition into the sum of pure product states, (iii) every interior point of F is a boundary separable state with full ranks, and has length ten.
Proof. We will prove for the entanglement W + W A + W B only. For the statement (i), it remains to show that the ten pure product states arising from ten product vectors in (3) are linearly independent in the real vector space of all three qubit self-adjoint matrices. Write |η j = |η j (1, 1, u −1 ) for j = 1, 2, . . . , 8, and suppose that
with real numbers a, b and c j . Then we have
We have already seen that eight vectors {|η j : j = 1, . . . , 8} form a basis, and so c j η j |000 = 0 for each j = 1, 2, . . . , 8. Since |η j has no zero entry, we conclude that η j |000 = 0 and c j = 0 for each j = 1, 2, . . . , 8. The second statement (ii) follows from (i). For (iii), we note that every interior point of F must be expressed by a|010 010| + b|101 101| + In the statement (iii) of Theorem 3.1, some boundary points of F have still full ranks as well as interior points. In fact, every nine choice among ten product vectors spans the whole space C 2 ⊗ C 2 ⊗ C 2 . This is also the case when ten product vectors are replaced by their partial conjugates. If we take eight product vectors among ten, then they sometimes span the whole space, and sometimes do not span the whole space. We show this for ten product vectors 6, 7, 8, in (3) together with |010 and |101 . Motivated by the relation (p, α) t |(p −1 , −α) t = 0 for p > 0 and α ∈ T, we define
where + and − denote +1 and −1, respectively. Because det K = 0, we see that both {|η j } and {|ζ j } are linearly independent. If we take partial conjugates of |η j and |ζ i in the A, B and C parties respectively, then K/2 √ 2 is replaced by
respectively. Therefore, all the partial conjugates of {|η j } are linearly independent. This gives another proof of Proposition 2.1. If one of |η j is replaced by |010 and |101 respectively, then one column of L is replaced by
respectively. They are still non-singular, and the eight product vectors we have chosen are linearly independent. Especially, we see that every nine choice among ten product vectors spans the whole space
If all the |η j 's and |ζ i 's are replaced by partial conjugate, then we have the same conclusion. Therefore, we have the following: Proposition 3.2. Every nine choice among ten product vectors in
We give a geometric interpretation of Proposition 3.2. We begin with the real vector space of all self-adjoint three qubit matrices, and the 10-dimensional subspace generated by ten pure product states in Theorem 3.1. We consider the 9-dimensional affine manifold H given by the condition of trace one. Then the dual face F in Theorem 3.1 coincides with the convex set S H = S ∩ H of all separable states on the affine manifold H. The boundary of S H consists of maximal faces isomorphic to the 8-dimensional simplex. We also consider the set T H = T ∩ H of all PPT states on H. Proposition 3.2 tells us that the interior of these maximal faces are contained in the interior of T H . Take an interior point ̺ 0 of S H and an interior point ̺ 1 of a maximal face of S H . Take also the line segment ̺ t = (1 − t)̺ 0 + t̺ 1 from ̺ 0 to ̺ 1 . Because ̺ 1 is an interior point of T H , there exists t > 1 so that ̺ t ∈ T H , which is a PPT entangled state. In this way, we have bunch of PPT entanglement, as in [14, 15] . Note that ̺ 1 is a separable state of length 9 with full ranks and unique decomposition.
The same argument may hold even if we take ̺ 1 on the boundary of a maximal face. In fact, if we take the face generated by eight pure product states corresponding to |η j with j = 1, 2, . . . , 8, then this face is on the boundary of a maximal face, but still in the interior of T H by Proposition 2.1. In this case, ̺ 1 is a separable state of length 8 with full ranks and unique decomposition. But, this is not the case in general. Suppose that two of |η 1 , . . . , |η 4 are replaced by |010 , |101 to get the eight product vectors. Then we see that the matrixK should be replaced by a matrix with two columns of same direction, while the lower-right corner is still zero. This implies that the coefficient matrix with respect to {|ζ j } is singular, and those eight product vectors are linearly dependent. The convex hull of the corresponding eight pure product states generate a face isomorphic to the 7-dimensional simplex which is contained in the boundary of T H , and so the line segment from ̺ 0 to an interior point of this face cannot be extended in T H . If we replace one of |η 1 , . . . , |η 4 by |010 and replace one of |η 5 , . . . , |η 8 by |101 then we can see that the resulting coefficient matrix is non-singular.
